We propose the general multi-band quasiclassical Eilenberger theory of superconductivity to describe quasiparticle excitations in inhomogeneous systems. With the use of low-energy projection matrix, the M -band quasiclassical Eilenberger equations are systematically obtained from N -band Gor'kov equations. Here M is the internal degrees of freedom in the bands crossing the Fermi energy and N is the degree of freedom in a model. Our framework naturally includes inter-band off-diagonal elements of Green's functions, which have usually been neglected in previous multiband quasiclassical frameworks. The resultant multi-band Eilenberger and Andreev equations are similar to the single-band ones, except for multi-band effects. The multi-band effects can exhibit the non-locality and the anisotropy in the mapped systems. Our framework can be applied to an arbitrary Hamiltonian (e.g. a tight-binding Hamiltonian derived by the first-principle calculation). As examples, we use our framework in various kinds of systems, such as noncentrosymmetric superconductor CePt3Si, three-orbital model for Sr2RuO4, heavy fermion CeCoIn5/YbCoIn5 superlattice, a topological superconductor with the strong spin-orbit coupling CuxBi2Se3, and a surface system on a topological insulator.
I. INTRODUCTION
Multi-band superconductors such as MgB 2 and the iron pnictides have been attracted much attention because of its high critical temperature. Although MgB 2 is a phonon-mediated superconductor, it has a large critical temperature T c ∼ 40K, originating from the multi-band effects. Multi-band effects are recognized as one of the ways to increase the critical temperature. The discovery of the iron-pnictides had a striking impact on many researchers in condensed matter physics. Many kinds of phenomena with multi-band effects have been proposed and confirmed in iron-based superconductors [1] [2] [3] . Furthermore, recently found superconductors characterized by topological invariants, i.e. topological superconductors, are also multi-band superconductors, since the internal degrees of freedom (e.g. spins, orbitals or particlehole spaces) in a multi-band system induce topological twists in wave functions [4] [5] [6] [7] .
The huge computational cost originating from the multiple degrees of freedom prevents theorists from understanding the physical properties in multi-band superconductors. For example, in the iron-based superconductor LaFeAsO, the five-orbital two-dimensional tight-binding model has been used as the effective model [3] . There are also ten-orbital three-dimensional tight-binding models as effective models to analyze experiments in another iron-pnictides. [30] In addition, when dealing with vortices and surfaces in multi-band systems, the computational cost becomes huger, since the momentum is not a good quantum number in inhomogeneous systems. For example, in the topological superconductors, it is important to study the quasiparticle excitations so-called the Majorana fermions around surfaces and vortices, in terms of the bulk-edge correspondence [4] . The GinzburgLandau framework, which is usually used to examine the distribution of the order parameter in the inhomogeneous superconductors, is not suitable for dealing with the quasiparticle excitations. Even if we use the meanfield framework such as the Bogoliubov-de Gennes framework, the simulations of the nano-size multi-band superconductors needs enormous computational costs.
We point out that the effective models (e.g., derived by the first principles calculations) might have too many bands to describe the low energy physics of superconductivity. We should note that the number of the bands crossing the Fermi level in normal states is less than four even in models for iron-pnictides. The low energy physics in superconducting state are characterized by the quasiparticles on the bands crossing the Fermi level in normal states, since a characteristic energy scale of the superconducting gap (∼meV) is much smaller than that of the bands far from the Fermi level (∼ eV). In the single-band weak-coupling Bardeen-Cooper-Schrieffer (BCS) framework, the theory using information only at the Fermi surface, called the quasiclassical Eilenberger theory, has many successes [19] . In multi-band superconductors, eliminating the high-energy bands not crossing the Fermi level can reduce the number of the bands in a low energy effective theory as shown in Fig.1 , since the high-energy bands can not affect the physical quantities in superconducting state.
The quasiclassical Eilenberger theory is successful in the BCS model of superconductivity. The theoretical framework is based on the fact that the coherence length ξ is sufficiently greater than the Fermi wavelength 1/k F . Various kinds of analytical and numerical techniques on the quasiclassical Eilenberger theory have been developed and successfully applied to the studies of a large number of conventional and unconventional superconductors [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The Eilenberger theory was applied into the twoband superconductor MgB 2 . In the conventional models for MgB 2 , one neglects the off-diagonal inter-band ele- [3, 8] . The bands in the shaded regions are neglected in the multi-band Eilenberger theory.
ments in Green's function. In this case, two decoupled Eilenberger equations can describe the quasiparticle excitations, and the multi-band effects are included only through solving the gap equations [20] [21] [22] [23] .
There are two kinds of bases to consider the multiband systems. First one is the basis which is orthogonal in the momentum space (so-called "band"-basis). Other is the basis which is orthogonal in the real space, such as the d-orbitals in models for iron-based superconductors and spins in a model with the spin-orbit coupling term. We call these real-space orthogonal basis "orbital" basis in this paper. In the quasiclassical Eilenberger theory, the quasiclassical Green's functions depend on the momentum of the relative motion in momentum space and the center-of-mass coordinate in real space. In the previous multi-band quasiclassical theories [24, 25] , the decoupled Eilenberger equations are used by neglecting the off-diagonal elements of the Hamiltonian in both band basis in momentums space and orbital basis in real space. In the case of the two-band model for MgB 2 , this assumption is valid to describe the quasiparticle excitations. There is, however, no Eilenberger theory which includes the off-diagonal inter-band elements, except for a perturbative approach [26] . The inter-band elements of Green's function are important in the complicated multiband systems, such as the iron-pnictides and the topological superconductors. For example, the iron-based superconductors have many entangled Fe-3d orbitals at the Fermi level. The Hamiltonian proposed in the iron-based superconductors is diagonalized in momentum space by the momentum dependent unitary matrix. The ratio of which orbital is dominant originates from this unitary matrix and depends on the momentum. This "orbital" character, how the orbitals are entangled, at the each Fermi wave number is important to understand the physics in iron-based superconductors [27] . The offdiagonal inter-band elements of Green's functions are induced by those of the unitary matrix. These off-diagonal elements become important when a self-energy is induced by an inter-band scattering, which is important in a system with impurities or vortices. A model of topological superconductors usually have the off-diagonal elements in spin-space due to a spin-orbit coupling. The spins rotate in momentum space, originating from the spin-orbit coupling so that the Hamiltonian is not diagonal with the use of spin basis in real space. The "spin" character, how the spins are entangled, induces topological superconductivity even in system with s-wave on-site pairing interaction in two dimension [28, 29] . Therefore, the information about "orbital" characters in momentum space is important factor to describe multi-band effects.
In this paper, we propose a quasiclassical Eilenberger framework in multi-band superconductors with a systematic low-energy projection. By eliminating the high energy bands far from the Fermi level, we derive the multiband Andreev equations and quasiclassical Eilenberger equations in the projected space constructed from the bands crossing the Fermi level. We show that the resultant multi-band Eilenberger equations are similar to the single-band ones, except for some corrections to describe multi-band effects. The quasiclassical framework uses the fact that the coherence length ξ is usually longer than the Fermi wave length 1/k F in a lot of superconductors. The orbital characters on the Fermi surfaces in normal states are naturally included in our theory. This paper is organized as follows. In Sec. II, we introduce the model of the multi-band superconductors. The mean-field multi-band Bogoliubov-de Gennes (BdG) Hamiltonian is proposed. We introduce the multi-band BdG equations and the gap equations, which is the starting point of the quasiclassical theory. In Sec. III, we discuss the decoupled Eilenberger theory used in past studies. We show that orbital characters can not be included in this theory. In Sec. IV, we derive the multi-band quasiclassical Andreev equations, starting with the multi-band BdG Hamiltonian. The Andreev equations describe the wave functions in the quasiclassical approach. In Sec. III, the multi-band quasiclassical Eilenberger equations are derived. The Eilenberger equations are the equations of motion of the quasiclassical Green's function. We discuss the difference between the previous theory and our theory. In Sec. VI, we discuss the physical meanings of our multi-band Eilenberger theory. In Sec. VII, we apply the multi-band Eilenberger theory in the various kinds of systems as examples. We show that the previous theoretical results are reproduced by our theory and the corrections originating from orbital characters are important in multi-band systems. In Sec. VIII, the summary is given.
II. MODEL A. Multi-band BdG equations
Let us start with the mean-field BdG Hamiltonian in the 2N × 2N Nambu-Gor'kov space,
Here, the column vector Ψ(r) is composed of N fermionic annihilation ψ α and creation operators ψ † α at the posi-
T . The subscript α in ψ α (r) or ψ † α (r) indicates a quantum index depending on spin or orbital, etc. These quantum indices are labeled by the orthogonal basis in real space, which we call orbital basis. The Bogoliubov-de Gennes Hamiltonian with a matrix form is composed of
Throughout the paper, hatâ denotes a N ×N matrix and checkǎ denotes a 2N ×2N matrix. The 2N ×2N normalstate Hamiltonian matrixȞ(r 1 , r 2 ) and superconducting order parameter matrix∆(r 1 , r 2 ) are respectively defined byȞ
The order parameter matrix is given by (so-called the gap equations) [40] ∆ αβ (r 1 ,
with the multi-orbital interaction matrix V αβ;γγ ′ (k, k ′ ) and ψ α (r) = k ψ k,α exp(ik · r).
The multi-band BdG equations are then expressed as
With the use of the eigenvectors φ(r 1 ), the mean-field BdG Hamiltonian (1) is diagonalized.
B. Multi-band Gor'kov equations
The Dyson equation in Nambu-Gor'kov space (Gor'kov equation) is obtained by
witȟ
where, ω n = (2n + 1)πT is the fermionic matsubara frequency,Σ(r 1 , r ′ , iω n ) denotes the self-energy. Here, the 2N × 2N Green's function is determined by (15) with the imaginary time τ . The local density of states is given by
TrĜ(r, r, iω n → E + iη) .
III. DECOUPLED EILENBERGER EQUATIONS

A. Model and assumptions
Let us discuss the decoupled multi-band quasiclassical theory, which is appropriate in the conventional two-band models for MgB 2 [20] . We assume that all N ×N matrices in the BdG Hamiltonian are diagonal in the "band" basis, expressed as
This assumption is equivalent to that off-diagonal interband elements are neglected. In this case, the normal state Hamiltonian in momentum space is expressed aŝ
with the eigenvalues λ i (k). In real space, the Fourier transformation on each band makes the band-diagonal Hamiltonian.
The mean-field BdG Hamiltonian in Eq. (1) is rewritten as
Here, the column vector Ψ α (r) is composed of fermionic annihilation ψ α and creation operators ψ † α on the α band at the position r (α = 1,
T . There is no inter-band effect in the Hamiltonian, since the BdG HamiltonianȞ α is determined on each band. The gap equations in Eq. (6) are rewritten as
In this approximation, the multi-band effects are included as the inter-band pairing interactions only in the pairing V αγ . Thus, the quasiclassical decoupled Eilenberger equations are easily obtained as
with quasiclassical Green's function on the α band expressed aš
Here, we neglect the self energies and the vector potentials for simplicity, z denotes a complex energy, σ z is the Pauli matrix in 2 × 2 Nambu-Gor'kov space, [Ǎ,B] − = AB −BǍ is used, and G α R (k, z) is the Green's function of the α band. It should be noted that the self-energy must be diagonalized in this basis andǍ in this section is 2 × 2 matrix in Nambu space. The above equations were used in the simple multi-band superconductors such as MgB 2 . For MgB 2 , there are two bands (so-called σ-and π-bands) and the gap equations connect information on each band.
B. Appropriate region of the decoupled Eilenberger equations
Now, we discuss the appropriate region of the decoupled Eilenberger equations in the previous section. We introduce the HamiltoniansĤ orbital (k) andĤ band (k) in normal states with the orbital basis and the band basis in momentum space, respectively. Generally, the HamiltonianĤ orbital (k) has the off-diagonal elements, since the orbital basis is a basis which is diagonal in real space. With the use of the momentum dependent unitary matrixÛ (k), one can obtain the diagonal Hamiltonian expressed aŝ
The "band" basis is determined by the unitary transformation of the orbital basis in momentum space. If the unitary matrix does not depend on momentum, one can choose the basis which simultaneously diagonalizes the Hamiltonian in both real and momentum spaces. Generally, the decoupled Eilenberger equations are derived by neglecting the off-diagonal elements. We show three examples that the decoupled Eilenberger theory is not appropriate as follows. The first example is an impurity problem in the multi-band superconductors. In the previous study [71] , they assumed that the impurity-induced self energy was described as a momentum-independent band-diagonal matrix, which lead to the decoupled Eilenberger equations. We point out that this assumption induces non-local impurities in real space, as follows. In the band basis with this assumption, the Gor'kov equations becomě
Here,Ǎ band denotes the matrix defined by the basis which diagonalizes the normal-state Hamiltoniaň H orbital k . To describe impurities in real space, one has to use the orbital basis in real space. With use of the unitary transformation from the band basis to the orbital basis, the impurity-induced self-energy in the orbital basisΣ orbital should have a momentum dependence expressed aš
If the self-energy in the band basis is obtained by the T -matrix approximation for randomly distributed point impurities given aš
the self-energy in the orbital basis becomeš
with the effective "non-local" impurity potential defined asV
Therefore, the decoupled Eilenberger equations does not describe the local impurity potentials. The second example is the proximity-induced impurity-robust p-wave effective order parameter on the surface of a topological insulator, as discussed later in Sec. VII E. With the use of the band basis, an effective chiral p-wave order parameter can be derived by the previous quasiclassical framework. This previous framework, however, can not describe the robustness against non-magnetic impurities, which was proposed by directly solving the BdG equations [62] . The impurity robust p-wave superconductor is naturally introduced in our framework.
The third example is the appearance condition of the Andreev bound states at a surface. In a single band model, the Andreev bound states occur when the sign of the gap function changes through the scattering process [72] . In a multi band model, an ambiguity of the "sign" of the order parameter makes the above statement unclear. This ambiguity can not be resolved by the previous quasiclassical framework. In our multi-band quasiclassical Eilenberger approach, we can overcome this difficulty by deriving the most appropriate effective order parameter, which obeys the statement of the Andreev bound states as discussed later in Sec. V I.
We can use the decoupled Eilenberger equations if we assume the momentum-independent unitary matrix (Ǔ (k) =Ǔ ). In this assumption, however, we can not treat the "orbital" character. Therefore, we propose the general multi-band Eilenberger theory.
IV. QUASICLASSICAL TREATMENT I: WAVE-FUNCTION APPROACH
In this section, we derive the quasiclassical equations on the basis of the BdG equations. The quasiclassical theory is founded on an assumption that the coherence length ξ is much longer than the Fermi wave length 1/k F (i.e. ξk F ≪ 1) [9] . This assumption is valid, if the order parameter amplitude is much smaller than the Fermi energy, and this condition is fully fulfilled in BCS weakcoupling superconductivity. In this theory, the wave function is expressed by a product of the fast oscillating one characterized by the Fermi momentum p F and the slowly varying one by the coherence length. We proposed the quasiclassical theory for the multi-orbital topological superconductor [44] . The generalization of this theory is proposed in this section.
A. Assumptions
We assume that the eigen vector φ(r) in Eq. (7) is expressed by a product of the fast oscillating one characterized by the Fermi momentum and the slowly varying one by the coherence length expressed as
where
Here, f kF l (r) and g kF l (r) correspond to slowly varying components, u
are the fast oscillating functions adopted as normal-state uniform eigenvectors satisfying the eigen-equations,
whereȞ
The Fermi surfaces in normal states are expressed by the set of the zero-energy eigenvalues ofĤ
We assume that the eigenvalues near the Fermi level are
This assumption is appropriate when M denotes the internal degrees of freedom at the Fermi level as shown in Fig. 2 (a). We note that there is an exception as shown in Fig. 2 (b). For example, this exception occurs when the Fermi level is located at the center of the Dirac cone. However, the assumption is usually appropriate in many realistic materials. We should note that there is the relation between u
B. Andreev-type equations
The schematic figures of the electron bands in the multi-orbital system characterized by M = 2 at the Fermi wave momentum kF.
By substituting Eq. (35) into the BdG equations (7), we obtain the Andreev-type quasiclassical equations. Eventually, we have the 2M × 2M quasiclassical BdG equations represented as (in detail, see Appendix A),
with introducing M × M matrices V 0 and ∆ eff defined by
with the N × M matrix given bỹ
Here, the M -component vectors f kF (r) and g kF (r) denote f kF (r)
Note thatŨ
in the BdG equations (7) is approximated as
The resultant quasiclassical BdG equations (41) are equivalent to the linearized BdG (Andreev) equations if we consider the single band system (N = 1) [9] . Thus, we successfully reduce the matrix dimension from the number of the bands N to the number of the degenerated Fermi levels M in this quasiclassical treatment.
C. Boundary condition at a specular surface
Let us discuss the boundary condition at a specular surface. For simplicity, we consider that the material is filled in the region z > 0. By assuming the translational symmetry along the x and y axes which conserves the momentum k F = (k Fx , k Fy ), the boundary condition is given by
First, we find the solutions which satisfy the above boundary condition in normal states at the Fermi energy, expressed as
By solving the eigenvalue equations with the normalstate N × N HamiltonianĤ N1 (k):
the boundary condition becomes
Note that k 
Here Φ 12 is the overall phase difference between these two vectors. Thus, we obtain
In a superconducting state, we use the quasiclassicallyapproximated wavefunctions. In the quasiclassical treatment, the eigenvector φ(k F , r) in the BdG equations is approximated as
, (53) with the boundary conditions
Here, we define the N × M matrix given bỹ
In order to find the coefficients c l i (k F ), we have to solve the boundary condition (50) in normal states. For example, in the case of K = 2, the boundary condition in Eq. (50) is expressed as
with c
We show the boundary conditions of two superconducting systems with K = 2, which can be easily obtained, as examples. In the case of N = M , the solution of the boundary condition (57) is
since the relationŨ (58) is not the solution in Eq. (57) if N = M . By substituting Eq. (58) into Eqs. (54) and (55), we obtain
where the "transfer matrix"Ṽ
Next, we consider the case of M = 1 and K = 2. The boundary condition (52) becomes
which is equivalent to the boundary condition in the single band case when Φ 12 = 0. We should note again that the above boundary condition can be only used when the normal-state eigenvectors with different momenta k (49) with the boundary condition (50) at the Fermi energy. This momentum k i z is usually a real number since wavefunctions with a Fermi wave number can usually satisfy the boundary condition. In this case, we solve the Andreev equations (41) with the real-number momentum (k F , k i z ). However, the momentum k i z is not the Fermi wave number, when there are bound states in normal states. The normalstate wavefunction localized at a boundary is described by a complex momentum. We will show the system which needs the complex wave number to describe the bound states, as discussed in Sec. VII.
We discuss the existence condition of solutions in Eq. (50) . With the use of the matrix representation, the equation (50) is rewritten as
where the N × M K matrix U and M K-dimension vector C are defined as
The above equations are linear homogeneous equations with M K unknowns. These equations can have the solutions when M K > N . Finally, we note that the general boundary condition for the conventional quasiclassical equations has been discussed by several groups [63, 64] . The incoming and outgoing wavefunctions are connected by the scattering matrixŜ expressed as
where k in(out) is the wave number of the incoming (outgoing) quasiparticles. Here,Ŝ is the scattering matrix defined at the Fermi energy in normal states [64] . The above relation can be used to develop the general boundary condition in the multi-band superconductors. The development of the general boundary condition for the multi-band quasiclassical equations is a future issue.
V. QUASICLASSICAL TREATMENT II: GREEN'S FUNCTION APPROACH
In this section, we derive the equation of motion of the quasiclassical Green's function so-called Eilenberger equations in a multi-band system. The size of the matrices of the Green's function is reduced by the low-energy projection.
A. Wigner representation
The Wigner representation is usually introduced in terms of the derivation of the quantum Boltzmann equations. The transport-like equations of motions of the quasiclassical Green's functions in the single band system are systematically derived with the use of the Wigner representations. We introduce the Wigner representation defined by
Here, R = (r 1 + r 2 )/2 andr = r 1 − r 2 are the center-ofmass coordinate and the relative coordinate, respectively.
The Gor'kov equations in the Wigner representation are expressed by
Here, we introduce the ⋆-product (Moyal product) determined by
We note that there is another Gor'kov equation called the "right-hand Gor'kov" equation. In terms of the Wigner representation, the right-hand equation is expressed aš
The local density of states with the Wigner representation is expressed as
Let us derive the quasiclassical equations from Eq. (69) as follows. In superconductors, the characteristic length of the center-of-mass coordinates is the coherence length ξ, which is much longer than that of the relative coordinates characterized by 1/k F . Assuming that the characteristic coherence length is long, the Moyal product in the first order of ∇ R is given aš
(73) Then, the Gor'kov equations are expressed as (see, Appendix B)
The above equations are simultaneous differential equations with k and R. In a single-band system, the above equations becomes the differential equations with respect to R with a parameter k F (i.e. the quasiclassical Eilenberger equations), since we can eliminate the k-mixing term ∇ kǦ (R, k, iω n ), with the use of the contour integration with respect to the energy ξ k and the relation ∇ k ∝ ∂/∂ξ k . Thus, in order to derive the multi-band quasiclassical Eilenberger equations, the k-mixing term ∇ kǦ (R, k, iω n ) has to be eliminated. However, we can not simply integrate the above equations with respect to ξ k , since ξ k is the energy obtained by diagonalizing the HamiltonianĤ N1 (k) and the Gor'kov equations are determined in the orbital basis. One has to characterize the equation by the Fermi wave momentum in the low-energy region.
B. Projection to the effective low-energy model
We introduce the projection matrix to develop the multi-band quasiclassical theory. The projection matrix eliminates the degree of freedom about the high energy region. We define the 2N × 2N projection matrixP k aš
Here, the 2N
where the N × M matrix is defined by Eq. (44) . The projection operator satisfies the relatioň
since the matrix U M k always satisfies the relation
In order to show the physical meaning of the projection matrix, we operateP k on the homogeneous N -band Green's function in normal states determined by
The component ofǦ(k, iω n ) is expressed as
Here, the N × N unitary matrixŨ (k) diagonalizeŝ H N1 (k) and ǫ γ (k) is the γ-th eigenvalue ofĤ
with 1 ≤ α, β ≤ N . Here, we use the assumption in (39) . The above equation means that the projection operatorP k eliminates the information of large eigen-
with 1 ≤ α, β ≤ N . If the eigenvalues are located far from the Fermi energy (|ω n | ≪ ǫ γ (k F )), δǦ(k F , iω n ) becomes negligible small so that we can obtain the relation expressed asP
which is appropriate in the low-energy region. We introduce the 2M ×2M reduced matrixĀ expressed asĀ
whereǍ is the 2N × 2N matrix used in the Gor'kov equation (69) . With the use of Eqs. (78) and (83),Ǎ can be expressed byǍ
in the low-energy region (k ∼ k F ).
C. Multi-band quasiclassical Green's function
Let us construct the 2M × 2M quasiclassical multiband Eilenberger equations in the projected space. By multiplying the the both sides in Eq. (74) by the matrices U M † k and U M k , subtracting the right-hand Gor'kov equation, and integrating over ξ k (in detail, see Appendix C), we obtain 2M ×2M quasiclassical multi-band Eilenberger equation expressed as
where we introduce the 2M × 2M Green's function, nonlocal potentials, order parameters, and self-energies determined byḠ
Here,σ z denotes the Pauli matrix in the Nambu-Gor'kov space and we define the 2M × 2M quasiclassical Green's function expressed as
where means taking the contributions from poles close to the Fermi surface. The matrix structure of the above equation is equivalent to that of the single-band Eilenberger equation. When the eigenvalue is not degenerated (M = 1), the 2 × 2 equation (86) can be regarded as that in a spin-singlet single band superconductor [46] [47] [48] . Therefore, we call the 2M × 2M matrix representation the "single-band description". The band index α is useful to compare with the present multi-band theory by replacingḡ
The multi-band Eilenberger equations (86) are similar to the decoupled Eilenberger equations Eq. (23). We should note that our multi-band theory includes the orbital characters, since all matrices are determined in the projected space. For example, the self-energy with the T -matrix approximation depends on the momentum as discussed in Eq. (32) .
We should note that the normalization condition is equivalent to that in the single-band system expressed as (in detail, see Appendix D)
D. Relations in the projected space
Let us discuss the relations satisfied in the projected space. M × M order parameter is defined in Eq. (43) . If the original order parameter have the relation∆(R, k) †∆ (R, k) = ∆ 0 (R, k)1 N ×N , the projected order parameter have the similar relation:
because ofŨ
Here, ∆ eff (R, k) is determined in Eq. (43) . This indicates that the unitarity of the order parameter is conserved in the projected space.
E. Physical quantities and Gap equations
Let us express physical quantities with the use of the multi-band quasiclassical Green's function. By substituting Eq. (85) into Eq. (72), the local density of states is expressed as
whereḠ 11 andḡ 11 denote (1, 1)-element in the particle-hole space, the bracket denotes the Fermi-surface average
Other physical quantities can be expressed by the multi-band quasiclassical Green's function in the same manner.
Finally, we complete the multi-band quasiclassical theory by giving the self-consistent equations for the order parameters. The gap equations in the Wigner representation is given aŝ
By using Eq. (89), the M × M order parameter matrix is expressed by
whereḡ 12 denotes (1, 2)-element in the particle-hole space andV
We can simplify the above gap equations if the pairing interaction has a separable form expressed as [65] 
Here, we use the relation
The gap equations in this case are given as
with
where we assume that
F. Perturbative approach in the quasiclassical theory: Zeeman and spin-orbit couplings
In this section, we discuss the method to treat the Zeeman and spin-orbit couplings. In the previous studies [34, 35, [66] [67] [68] , they used the 4×4 matrix quasiclassical Eilenberger equations in spin and Nambu spaces expressed as
Here, σ i denotes the Pauli matrix in the Nambu space andȞ 1 (k F ) includes the spin-orbit and/or Zeeman coupling terms. These quasiclassical equations can describe a vortex state in a Fulde-Ferrell-Larkin-Ovchinnikov superconductor [68] . In terms of our theory, the above equations are obtained by assuming that the number of degenerated Fermi surfaces is two (M = 2). In general, however, the Zeeman and spin-orbit interactions split the degenerated bands (i. e. M = 2 → M = 1 ). Thus, it is found that the previous studies assume that the Zeeman and spin-orbit interactions are weak. With the use of the perturbative approach in the multi-band quasiclassical theory, we can derive the above equations as follows. Let us divideĤ N1 (k) in Eq. (39) into the two terms aŝ
Thus, in order to construct the projection operatorP k , we can use the eigenvectors obtained bŷ
This approach is appropriate for the case that the interband pairing between the different Fermi surfaces is important. The perturbative Zeeman field enables us to treat the Pauli paramagnetic depairing in the quasiclassical framework.
G. Riccati-type equations
It is known that it is difficult to numerically solve the quasiclassical Eilenberger equations [12] , since the equations have a divergent solution as a particular solution. A careful computational treatment is required for integrating the Eilenberger equations with the use of the socalled explosion method [69] . To avoid this difficulty, the Riccati-type equations, which are obtained by a special parametrization form of the quasiclassical Green's function, are used [37] [38] [39] [41] [42] [43] . In addition, to solve the Riccati equation stably, we have proposed the efficient numerical method for obtaining unique solutions in the single-band Eilenberger framework [12] . We show that it is easy to expand this method into the multi-band systems. For simplicity, we neglect the self-energyΣ = 0. We use a special parametrization form of the quasiclassical Green's function to solve Eq. (86). The solutionḡ of Eq. (86) can be written as,
where M × M matricesã andb are the solutions of the following matrix-type Riccati differential equations:
Since the above equations contain ∇ only through v F ·∇, these can be reduced to a one-dimensional problem on a straight line in the direction of the Fermi velocity v F :
In a bulk system with∆ †∆ ∝1, the solutions of the Riccati equations arẽ
According to the previous paper [12] , puttingã(s a ) = 0 andb(s b ) = 0 as initial values, one can obtain physical solutions by integrating the Riccati equations. Here, s a and s b are initial spatial points.
H. Boundary condition for the Riccati parameters at a specular surface
To solve Riccati-type differential equations, one has to consider the boundary condition for Riccati parameters a andb. In this section, we consider a specular surface. In the case of M = 1 or M = 2, we can show the transformation of the linearized BdG equations to the matrix Riccati equations. Thus, the boundary condition for the Riccati parameters can be determined explicitly. We note that, in many materials, the number of the degenerated Fermi levels M is not larger than M = 2.
If the Fermi level with a certain momentum k F is not degenerated (M = 1), the Riccati equations are derived by the relation:ã
With the use of the boundary condition for wavefunctions in Eqs. (62) and (63), the boundary condition at a surface z = 0 with K = 2 is given bỹ
If the Fermi level is doubly degenerated (M = 2), we find the relation expressed as
where the 2 × 2 matrices U (k F , r) and V (k F , r) are determined by
We obtain the boundary condition at a surface z = 0 with K = 2 and N = M = 2 expressed as a(k We discuss an arbitrariness of the N × M matrixŨ 
with a M × M arbitrary unitary matrixÂ kF . Although this matrix does not change the 2N × 2M projection matrixP kF , the representation of the effective order parameters ∆ eff (r, k F ) determined in Eq. (43) depends on the matrixÂ kF , expressed as
It should be noted that this arbitrary transformation does not change any physical quantities, since the matrixÂ kF changes the boundary condition. With the use of the unitary matrixÂ kF , we can simplify the boundary condition as follows. In the case of K = 2 and N = M , the boundary conditions (59) and (60) 
whereṼ
By using the matrixÂ kF satisfying the relation
we obtain the simplified boundary condition expressed as
In addition, in the case of K = M = N = 2, the boundary condition for the Riccati amplitudes (119) becomes
The above boundary condition is equivalent to that for spin-triplet superconductivity in the past quasiclassical treatment. In the case of an effective one-band system (M = 1) with K = 2, the 1 × 1 unitary matrixÂ kF is rewritten asÂ kF = e iφ k F . Thus, we can erase the overall phase Φ 12 in Eq. (52), The boundary condition becomes
We obtain the boundary condition for the Riccati amplitude expressed asã
which is completely equivalent to the boundary condition in the single-band quasiclassical Eilenberger theory. Now, we can discuss the appearance condition of the Andreev bound state at a surface in multi-band superconductors. In a single band model, the Andreev bound states occur when the sign of the gap function changes through the scattering process. In the case of K = 2 and M = 1, we can easily discuss the appearance condition of the Andreev bound states. Note that the bound states appear if the condition (51) is satisfied in this case. To use the above boundary conditions (131), the order parameter matrix after the scattering process should be
The quasiclassical Green's function at a surface diverges when the relation 134) is satisfied. [48] With the use of the bulk solutions in Eqs. (112) and (113), the appearance condition of the zero-energy Andreev bound states becomes
Thus, the sign of the order parameter is important for the appearance condition of the Andreev bound state even in multi-band superconductors.
VI. MULTI-BAND EFFECTS
We discuss the physical meanings of the multi-band quasiclassical theory described by Eq. (86). In our theory, the "multi-band" effect is characterized by two factors. The first factor is how many solutions are in Eq. (39) (i.e. the information of the eigenvalues). The second one is how the orbitals are mixed in Eq. (39) (i.e. the information of the eigenvectors).
A. Eigenvalues
We discuss the eigenvalues obtained in Eq. (39) . In the quasiclassical theory, the number of the solutions at the Fermi surface M characterizes the multi-band effect. For example, in the three-orbital spin-singlet superconductors, the superconducting order parameter is described by a 3 × 3 matrix (N = 3) in Eq. (6) . Let us consider that the only one band crosses the Fermi energy at the Fermi surface with the Fermi wave number k F (M = 1) as shown in Fig. 3 . In this case, the other bands must have the much higher or lower energies. Thus, the superconducting order parameters on or between these bands (e. g. ∆ 11 (k F ) or ∆ 12 (k F )) can not affects the physical quantities, since these order parameters (∼ meV) are much smaller than the energy scales of electron bands (∼ eV). Therefore, the 1 × 1 order parameter matrix on the band crossing the Fermi energy (e. g. ∆ 22 (k F ) in Fig. 3 ) is only effective for the superconductivity. In terms of the above point, many multi-band superconductors such as MgB 2 or iron-pnictides can be described by the singleband superconducting gap because of M = 1 in these materials.
B. Eigenvectors
We discuss the eigenvectors in Eq. (39), which describes the ratio of the hybridization of the orbital characters at the Fermi wave number k F . The multi-band effects are described by these eigenvectors. For example, we consider the impurity self-energy with the Born approximation. In our framework, 2M × 2M self-energy
where we determinē
In the case of an effective single band system (M = 1),V (k F , k ′ F ) becomes the 2 × 2 matrix and its (1, 1)-component is expressed as
In the case ofV 0 ∝1, the strength of the multi-band effects can be determined by the orthogonality between the eigenvectors at the different Fermi momenta. We note the case of the T -matrix approximation for randomly distributed impurities. The 2N × 2N matrix self-energy is written asΣ
In our framework, the self-energy with 2M × 2M matrix form is obtained as
wherē
Thus, the eigenvectors of the normal state Hamiltonian are important to describe the impurity effects.
C. Non-local anisotropic potentials in the projected space
As shown in the previous sections, the multi-band Eilenberger equations (86) have the orbital characters through the matrixŨ M (k F ). It should be noted that the matrixŨ M (k F ) makes the potentialȞ N0 (R) non-local and anisotropic. The non-locality originates from the non-unitary transformation which erases the information. Non-local potentials have been used as pseudo-potentials in the first-principles calculations. In the first-principle calculations, the pseudo-potential method which treats valence electrons only is commonly used to erase the degrees of inner-shell electrons. In our theory, the nonlocal potentials are used to erase the fast oscillations characterized by k F . The multi-band effects are understood by the non-locality and anisotropy in the projected space. The effective potentialV 0R (k F ) in Eq. (86) is nonlocal and anisotropic, since the potential depends on the center-of-mass coordinate R and the relative coordinate k F . The non-locality and anisotropy can be easily understood through the example of the self-energy with the Born equation expressed as Eq. (136). The above selfenergy can be regarded as that made from the non-local potentialV (r, r ′ ). We should note that the non-locality and anisotropy are strong in the iron-based superconductors, since d-orbitals are strongly entangled at the Fermi level.
D. Differences between the present and previous quasiclassical multi-band frameworks
We discuss the differences between the present and previous quasiclassical multi-band treatments. Fundamentally, note that our framework is an extension of a previous single-band Eilenberger framework. Thus, we make the derivation similar to the previous single-band one.
Our main point is the low-energy projection which systematically reduces a N -band system to a M -band system. There are two kinds of the reductions in our paper. The first one is same as that in the previous paper [47] , which uses Fermi velocities and Green's functions at the Fermi level in normal states. The second one is the reduction of the band-degree of freedom, which was not mentioned in Ref. et al. Our equations can treat the offdiagonal elements of a Green's function between bands. A previous theory treated inter-band effects only through gap-equations not the Eilenberger equations. Note that the results in the previous papers using the quasiclassical theory were obtained only in the problem which the previous framework was available. Our framework extends the applicable region of the quasiclassical theory.
We claim that there was no multi-band Eilenberger equation which can treat inter-band effects correctly in inhomogeneous systems. In the previous framework, for example, it is hard to study the vortex bound states with impurities in complicated multi-band superconductors, such as iron-based superconductors. One usually considers the five-orbital model for the iron-based superconductors whose Fermi surfaces are constructed by only threebands. In this case, the decoupled Eilenberger equations have three band indices. When one introduces a self energy (e.g. the impurity-induced self energy), the offdiagonal elements of the self energy can not be described by the decoupled Eilenberger equations. On the other hand, such a self-energy matrix should be defined by the Dyson equation with Feynman-diagram techniques in five-orbital model. In addition, band-coupled Eilenberger equations except for our framework can be constructed only in the case that the Fermi velocities are the same in the different bands, since the decoupled Eilenberger equations with a band index are characterized by a Fermi velocity on the band.
Finally, we show the example which makes clear difference between our and previous frameworks, qualitatively. The corrections in our framework describe the multiorbital effects. Multi-band effects in the present framework are necessary to correctly calculate a reduction of the critical temperature caused by impurities. While the self energy with T-matrix approximation induced by the randomly-distributed impurities does not depend on the momentum in the previous decoupled Eilenberger theory, the self-energy in our Eilenberger equation depends on momentum. If the momentum dependence is neglected, the quasiclassical theory can not correctly calculate the reduction of the critical temperature. We show the qualitative difference between the present and previous frameworks in the system on the topological insulator in Sec. VII E. The theoretical calculation by directly solving the BdG equations suggested that the proximity-induced superconductivity on the surface of the topological insulator is robust against non-magnetic impurities [62] . The present multi-band framework can correctly describe the robustness. The previous quasiclassical framework, however, can not reproduce this robustness.
VII. MULTI-BAND QUASICLASSICAL APPROXIMATIONS IN VARIOUS KINDS OF SYSTEMS: EXAMPLES
In this section, we apply the multi-band quasiclassical theory in the various kinds of systems as examples.
A. Noncentrosymmetric Superconductors: CePt3Si
We show that our multi-band quasiclassical theory makes the past debates clear. The noncentrosymmetric superconductor CePt 3 Si has the Rashba-type spin-orbit interaction due to the lack of the inversion symmetry [16, 49] . The mixed spin-singlet-triplet model has been used to study this material. By assuming that the spatial variations of the s-wave pairing component of the pair potential are the same as those of the p-wave pairing component, the gap function is expressed aŝ
Here, σ i is the Pauli matrix in spin space. The normalstate Hamiltonian with the Rashba-type spin-orbit coupling is written aŝ
where the spin-orbit interaction satisfies the relation g −k = −g k . Here, λ k is the dispersion without the spinorbit interaction. We determine g k as [16, 49] 
We assume that the d-vector is parallel to g
In the previous papers [49] , from the original Eilenberger equation for noncentrosymmetric superconductivity [50, 53] , they have obtained two equations corresponding to these split Fermi surface I and II in the case of the s+p-wave pairing state, [51] iv There are many successes with the use of the above decoupled equations. We should note that there are some debates about the appropriate region of the above approach [52] . In the real material such as CePt 3 Si, there is the strong spin-orbit coupling (∼ eV ). It has been not clear whether this approach is the weak-spin-orbit coupling approach, since the two same-size spherical Fermi surfaces are assumed. The difference of the size of the each Fermi surface depends on the strength of the spin-orbit coupling. On the other hand, the size of the Fermi surfaces is naturally considered in our multi-band theory.
Let us apply the multi-band quasiclassical theory to the noncentrosymmetric superconductors in order to derive the decoupled Eilenberger equations Eq. (148) directly from the Hamiltonian (145). The eigenvalues of the 2 × 2 matrix in Eq. (145) is given by
Although there are two Fermi surfaces, the eigenvalue is not degenerated so that we obtain M = 1. The eigenvectors associated with ǫ ± (k) are expressed as
The 1 × 1 effective gap function is given as
The above effective gap function is not equivalent to ∆ I,II in the previous paper. We should note that a representation of the effective gap function has an arbitrary degree of freedom expressed as
as discussed in Sec. V I. Thus, we can use a 1×1 arbitrary unitary matrix in order to change a representation of the effective gap. With the use of the 1 × 1 unitary matrix A ± (φ, θ) defined as
the effective gap function can be rewritten as
which is equivalent to that in the previous papers. [16, 49] Next, we assume the degenerated Fermi surface (M = N = 2), which is appropriate when |g k | ≪ 1. With the use of the unitary matrix A(φ, θ) defined as
In terms of the multi-band quasiclassical theory, we clarify that the decoupled equations (148) are valid with the arbitrary strength spin-orbit coupling.
Finally, we consider a specular reflection at a surface perpendicular to x−y plane. We consider that the quasiparticles before and after a scattering have momentum 
whose effective order parameter is given in Eq. (157). The transfer matrixṼ 
with ∆φ ≡ (φ 1 − φ 2 )/2. This transfer matrix suggests that both intra-and inter-band scatterings occur at a specular surface. The surface bound states and spin currents discussed in the previous paper [59] can be explained in terms of this band-active surface.
B. Three-orbital model: Sr2RuO4
Let us apply our theory to a multi-band superconductor. In this section, we consider Sr 2 RuO 4 as the three-band superconductor. The many tight-binding models for Sr 2 RuO 4 have been proposed by several authors [36, [54] [55] [56] [57] where
with λ = 0.032, t 1 = 0.145, t 2 = 0.016, t 3 = 0.081, t 4 = 0.039, t 5 = 0.005, t 6 = 0, and µ = 0.122. Here, we adopt the material parameters in Ref. 36 , which can successfully describe the three Fermi surfaces for Sr 2 RuO 4 as shown in Fig.4 . We call each band as band I, band II, and band III in ascending order of the eigenvalues. We consider the non-magnetic impurities to discuss the non-local anisotropic effective potential. We introduce the in-plane anisotropy of the effective potential defined as
Here, k F (θ) denotes the position of the most inner Fermi surface (i.e. band III) in momentum space (k F (θ) = k F (θ)(cos θ, sin θ)). As shown in Fig. 5 , the right-angled scatterings suppress in the most inner Fermi surface. This suppression originates from the fact that the eigenvector associated with k F (θ = 0) mainly consists of d xz orbital and the eigenvector associated with k F (θ ′ = 0) mainly consists of d yz orbital.
C. Heavy fermion CeCoIn5/YbCoIn5 superlattice:
The perturbative approach
In this section, we consider the system with both the spin-orbit coupling and the Zeeman interaction. The locally noncentrosymmetric systems are realized in the heavy fermion CeCoIn 5 /YbCoIn 5 superlattice [60] . In these systems, the layer-dependent spin-orbit coupling induces the exotic superconducting states. In the Nlayer spin-singlet s-wave superconductor, the multi-band Eilenberger equations with 4N ×4N matrix quasiclassical Green's function are written as
Here, σ z is the 2 × 2 Pauli matrix, I N ×N is the unit matrix, T ⊥ is the hopping matrix between layers, and
In the above equations, the hopping, the Zeeman, and the spin-orbit coupling terms are regarded as the perturbations with 2N -degenerated Fermi surfaces. With the use of this perturbation theory, one can treat the inhomogeneous system with vortices [61] .
D. Topological superconductors with the strong spin-orbit coupling: CuxBi2Se3
We discuss the boundary condition in the threedimensional topological superconductor with the strong spin-orbit coupling in this section. Cu x Bi 2 Se 3 is the one of the candidates of the topological superconductors where the topologically protected Majorana bound states form at the boundary. We have proposed the quasiclassical framework on topological superconductors with strong spin-orbit coupling [44] . In the previous paper [44] , we have obtained the linearized BdG equations called Andreev equations by decomposing the slow varying component from the total quasi-particle wave function. Applying this quasiclassical treatment, the original massive Dirac BdG Hamiltonian derived from the tight-binding model represented by 8 × 8 matrix is reduced to 4 × 4 one. The resultant Andreev equations become equivalent to those of spin-singlet or triplet superconductors without the spin-orbit coupling. In this section, we show that the same result is obtained by the Green's function techniques.
The normal-states effective Hamiltonian for Cu x Bi 2 Se 3 is expressed aŝ
Here σ i denotes the Pauli matrix in the spin space. In the quasiclassical theory,Ĥ(k) is regarded asĤ N1 (k) in Eq. (39) . The eigenvalues of the 4 × 4 matrix are degenerated expressed as
In the case of µ > 0, the eigenvectors u 
where χ
We consider the 4 × 4 odd-parity fully-gapped gap function (so-called A 1u state) defined aŝ
By substituting this gap function into Eq. (43), we obtain the 2 × 2 effective gap function written as
This gap function is completely equivalent to that in the previous paper [44] in terms of the Dirac BdG Hamiltonian. Let us consider the boundary condition with a specular surface at z = 0. We adopt the boundary condition that all components of the wave-function becomes zero at z = 0, which is different from that discussed in Ref. 31 . We
. By using Eq. (49), we find that the wave numbers become
. When the condition µ > M 2 0 − |k | 2 is satisfied, there are two real wave numbers and two imaginary wave number, expressed as
. By assuming that the material is filled in the region z > 0, the coefficient of the wavefunction with k 2 z+ is zero. Thus, we obtain K = 3. The boundary condition (50) is expressed as
When we consider k = 0, the coefficients are given as
Thus, the boundary condition for the quasiclassical wave function is obtained as
In the non-relativistic limit (|k − | ≪ M (k − )), the boundary condition becomes
which is equivalent to that in a single band quasiclassical framework. This result is consistent with the fact that this superconductor becomes a p-wave superconductor in the non-relativistic limit [32] .
E. Robust p-wave superconductivity on a surface of topological insulator
In this section, we discuss the impurity effect in the s-wave gap superconductivity on a surface of topological insulator. Let us show that the proximity-induced superconductivity on a surface of topological insulator is robust against nonmagnetic impurities [62] . We consider that an s-wave superconductor is deposited on the surface of the topological insulator [70] . The effective twodimensional Hamiltonian on the surface is described aŝ
The eigenvalues of the 2 × 2 normal state Hamiltonian h 0 (k) are given by
The eigenvectors associated with ǫ ± (k) are expressed as
where k = (k x , k y ) = k(cos φ, sin φ). In the case of µ > 0, the 1 × 1 effective gap is given as
Thus, the effective p-wave superconductivity appears on a surface of the topological insulator. Let us consider a nonmagnetic impurity effect in this proximity-induced superconductor.
The nonperturbative quasiclassical Green function in a homogeneous system is given as
The effective potentialV (k F , k 
with δφ ≡ φ − φ ′ . Here, V is the amplitude of the potentials. The second order of the impurity self-energy in Eq. (136) becomes
Since this self-energy satisfies [Σ(k F , iω n ) (2)σ z ,ḡ(k F , iω n )] − = 0, the quasiclassical Eilenberger equations with the self-energy are completely equivalent to those without the self-energy. Therefore, this proximity-induced superconductivity on the surface of a topological insulator is robust against nonmagnetic impurities.
Finally, we point out that the previous decoupled quasiclassical framework can not reproduce the robustness against nonmagnetic impurities proposed in Ref. 62 . With the use of the band basis, the effective gap is given in Eq. (193) at the Fermi energy. Since this effective gap means p-wave superconductivity, the superconductivity should be fragile against nonmagnetic impurities in the previous decoupled quasiclassical framework. Let us discuss the "partial" quasiclassical approximation with considering the topological insulators. The superconductivity in surface states on topological insulators has been attracted much attention because of the stage of the Majorana Fermion and a quantum computing. With the use of the proximity effects from the superconductor on the topological insulator, the two-dimensional massless Dirac quasiparticles due to the surface bound states on the topological insulator form the superconducting Cooper pairs. Therefore, it is important to construct the two-dimensional effective Eilenberger equations originating from the normal-state surface bound states.
Let us consider the surface at z = 0. By introducing the coordinate r = (x, y, z) ≡ (r ⊥ , z), we can define the partial Wigner representation expressed aš We note that the HamiltonianĤ N1 (k, z) includes information about a presence of a surface. The projected effective gap function is given bȳ
since the projection includes the z-integration written aš
Let us consider the three dimensional topological superconductor as an example. The eigenvector in Eq. (170) with the boundary condition u i k ⊥ (z = 0) = 0 is expressed as [33] 
where With the use of the above method, we directly show that the proximity-induced s-wave superconductivity on the topological insulator can be regarded as a chiral pwave superconductivity, as shown in Sec. VII E. By substituting the eigenvector in Eq. (203) and the even-parity fully-gapped spin-singlet intra-orbital gap function expressed as∆
into Eq. (201), we obtain
which is equivalent to the chiral p-wave superconductivity in Eq. (193).
G. Others
Finally, we discuss the advantage of the multi-band quasiclassical theory. The computational cost drastically decreases with the use of our theory in multi-band systems. Thus, we can treat the inhomogeneous systems such as those with vortices and surfaces easily, in order to discuss the magnetic field dependence of the multiband superconductors. Since we do not use any assumptions about the electronic structures in normal states, the superconducting system with the arbitrary tight-binding Hamiltonian derived by the first-principle calculation can be mapped onto the effective low-energy system. In the theoretical point of view, one might develop the general theory for impurity effects in multi-band superconductors, since the multi band effects are explicitly included as the non-local and anisotropic potentials. It should be noted that one can understand what is neglected in the quasiclassical theory in multi-band superconductors. One might know the difference between the single-band and multi-band superconductors through the study with our multi-band Eilenberger theory.
VIII. SUMMARY
In summary, we proposed the unified quasiclassical multi-band Eilenberger equations in order to map the multi-band systems onto the effective systems in the reduced space. We derived both the Andreev and Eilenberger equations with an arbitrary boundary condition. We showed that the resultant multi-band Eilenberger equations are similar to the single-band ones, except for some corrections to describe multi-band effects. The orbital characters on the Fermi surfaces in normal states are included in our theory. Our theory could describe the past studies with the use of the quasiclassical Eilenberger theory. Since we do not use any assumptions about the electronic structures in normal states, the superconducting system with the arbitrary tight-binding Hamiltonian derived by the first-principle calculation can be mapped onto the effective low-energy system. The potentials, the order-parameters, and self-energies in multi-band systems were mapped onto the non-local ones in the reduced space as shown in Eqs. (87)-(90). We showed that the self-energy with the T -matrix approximation of the nonmagnetic impurities becomes non-local and anisotropic. We pointed out that this non-locality is similar to the pseudo potential in the first-principles calculations. The multi-band effects can be understood by the non-locality and the anisotropy in the mapped systems.
